arXiv:1501.02396vl [math.FA] 10 Jan 2015 


On the truncated operator trigonometric moment 

problem. 

S.M. Zagorodnyuk 


1 Introduction. 

The truncated operator trigonometric moment problem consists of finding 
a non-decreasing [^-valued function F(t), t € [0, 27 r], F( 0) = 0, which is 
strongly left-continuous in (0, 27 r] and such that 

r2n 

/ e int dF(t) = S n , n = 0,1, d, (1) 

Jo 

where {S' n }^ =0 is a prescribed sequence of bounded operators on T~L (mo¬ 
ments). Here H is a fixed Hilbert space and d € Z + is a fixed number. The 
operator Stieltjes integrals in (P) are understood as limits of the correspond¬ 
ing integral sums in the strong operator topology. 

Set S_k = <S£, k = 1, 2,..., d. The following condition: 

d 

^ ( Si-khi,hk)u > 0 ; ( 2 ) 

k,l =0 

where {h^ }q are arbitrary elements of , is necessary and sufficient for 
the solvability of the moment problem (P) (e.g. P). The solvable moment 
problem (P) is said to be determinate if it has a unique solution and indeter¬ 
minate in the opposite case. The truncated operator trigonometric moment 
problem was studied in papers m. @i (in slightly different statements). The 
conditions of the solvability were obtained in [1]. In the case of the strict 
positivity of the corresponding Toeplitz operator, all solutions to the mo¬ 
ment problem were described in [3]. For the history of scalar and matrix 
truncated trigonometric moment problems we refer to 0, M- 

Our aim here is to describe all solutions to the solvable moment prob¬ 
lem (P) without any additional conditions. For this purpose we shall develop 
the operator approach of Szokefalvi-Nagy and Koranyi in P, P. Also our 
approach is close to the approach of Krein and Krasnoselskii in [5]. All 
solutions of the moment problem are described by a Nevanlinna-type pa¬ 
rameterization. In the case of moments acting in a separable Hilbert space, 
the matrices of the operator coefficients in the Nevanlinna-type formula are 
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calculated by the prescribed moments. Conditions for the determinacy of 
the moment problem are given. 

Notations. As usual, we denote by M, C, N, Z, Z+, the sets of real num¬ 
bers, complex numbers, positive integers, integers and non-negative inte¬ 
gers, respectively; D = {z £ C : \z\ < 1}; T = {z £ C : \z\ = 1}; 

T e = {z £ C : \z\ 7^ 1}. By k G 0, p we mean that k £ Z + : 0 < k < p if 
p £ Z + , and k £ Z + , if p = +oo. 

In this paper Hilbert spaces are not necessarily separable, operators in them 
are supposed to be linear. 

If H is a Hilbert space then -)h and || • ||# mean the scalar product and 
the norm in H, respectively. Indices may be omitted in obvious cases. For a 
linear operator A in H, we denote by D(A) its domain, by R(A) its range, 
and A* means the adjoint operator if it exists. If A is invertible then A -1 
means its inverse. A means the closure of the operator, if the operator is 
closable. If A is bounded then ||A|| denotes its norm. For a set M C H 
we denote by M the closure of M in the norm of H. For an arbitrary set 
of elements {x n } ng / in H, we denote by Lin{x n } ng j the set of all linear- 
combinations of elements x n , and span{x n } ng / := Lin{a : n }nei- Here / is an 
arbitrary set of indices. By Eh we denote the identity operator in H, i.e. 
Ehx = x, x £ E[. In obvious cases we may omit the index H. If H i is a 
subspace of H, then Ph 1 = P # is an operator of the orthogonal projection 
on H\ in H. By [ H] we denote a set of all bounded operators on H. For 
a closed isometric operator V in El we denote: M^(V) = (Eh — C,V)D{V), 
N((V) = HQ M C (V), ( £ C; M^V) = R(V), N^V) = H Q R(V). 

By S(D ; N, N') we denote a class of all analytic in a domain D C C operator¬ 
valued functions F(z), which values are linear non-expanding operators map¬ 
ping the whole N into TV 7 , where N and N' are some Hilbert spaces. 


2 The solvability and a description of solutions for 
the moment problem. 


Suppose that the moment problem ([Tj) is given and it is solvable. For arbi¬ 
trary elements {h^ }q of R we may write: 

^ ^ / f 2n 

5 Z(Si- k hi,h k ) n =J2{ S l ~ k)t dF(t)h u h k 

k,l=0 k,l =0 



N 


E ( ^Y J ^~ k)tr (F(t r+l ) - F(t r ))h U h k ] = 


k,l =0 


r =0 


H 
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N / d d \ 

= ten E ( F (4i) - F(tr)) E eiHrh ^ E e * fc<r/i fc > °- 

r =0 V i=0 k =0 / % 

Here 6 is the diameter of a partition of [0, 27 t] and {i r }^ are points of this 
partition. Thus, condition (j2I) is satisfied. 

Conversely, suppose that the moment problem dTJ) with d G N is given 
and condition (J2J) is satisfied. Like it was done in [7] we consider abstract 
symbols £j, j = 0, 1 ,..., d, and form a formal sum h: 

d 

^ = E h 3 e ii ( 3 ) 

3=0 

where hj G hi. If a G C, then we set ah = Yl'j=o( a ^ l j) £ j- ^ 

d 

9 = E* e J’ ( 4 ) 

3=0 

where gj G hi, then we set h + g = J2j=ofoj + 9j) £ j- A set of all formal sums 
of type ([3|) becomes a complex linear vector space 2?. Let h,g G 33 have the 
form as in ([3|), d3|). Let 


d 

®{h,g) = ^2(Sj-khj,gk)n- (5) 

j,k =0 

The functional d> is sesquilinear and it has the properties d '(h,g) = d>(< 7 , h ), 
d>(h, h) > 0. If d>(/i — g,h — g) = 0, we put elements h and g to the same 
equivalence class denoted by [h] or [<?]. A set of all equivalent classes we 
denote by £. By the completion of £ we obtain a Hilbert space H. Set 

x h j ■= [hsj ], heH, 0 < j < d. (6) 

Observe that 

{xh,j,x g , k ) H = ( Sj- k h,g) H , h,g e hi, 0 < j,k < d. (7) 


Set 


Do = Lin {xh,j}hen, o<j<d-i = 
= \.Xho,0 Xhi,l T T Xf ld _ 1 ,d— 
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Consider a linear operator Aq with D(Aq) = Dq: 


< 2-1 < 2-1 

-C ^ ^ -I'hj.j y Xhjj+i, hj G T~i. (8) 

j=o j =o 

Let us check that Aq is well-defined. Suppose that an element h G Dq has 
two representations: 


d — 1 d— 1 

h = Xh J J = x 9j J> h 3 ’9j eft. 

3=0 j =0 


Then 


d —1 d —1 

y _ x 9j,j+i 

3=0 3=0 


22 


'< 2-1 < 2-1 

x hi-gi,j+ 1) x h k -g k ,k +1 
. j =0 fc =0 


22 


< 2-1 


( d —1 d —1 

y! X hj —gj, 31 x h k -g k ,h 
j= 0 /c=0 

Thus, Aq is well-defined. If 

< 2-1 < 2-1 

h = ^ ] x hj,j ; / = ^ 1 x fk,ki hjt9k G 


= 0. 


22 


j=0 


k=0 


then 


d—1 d—1 

{A 0 h,A 0 f)H= '^2(x hj j + i,Xf ktk +i)H= y, (Sj-khj, fk)n 

j,k=0 j,k =0 


d-1 

= y (xhj,j,Xf k> k)H = ( h,g)H ■ 
j,k =0 

Therefore Ho is isometric. Set H = Hq. By the induction argument it may 
be checked that 

Xh,j = A j x h , o, 0 <j<d. 

Let 4 D 4 be a unitary operator in a Hilbert space H D H, and {Et}te\o,2-K\ 
be its strongly left-continuous orthogonal resolution of the identity. We may 
write 


( Sjh,g)n 


{.Xh,j j x g,o) H (A j X ht o,Xgfl) H Xgfi)jj 
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p2n 

/ e ltj dE t x hAh XgQ 

Jo 


0 < j < d, h,g G J~L. 

H 

Consider the following operator I: T~L —>• H: 

Ih = xh, o, h G H. 

It is readily checked that / is linear. Moreover, since 

\\Ih\\ 2 H = (. x hi o,x hi0 ) H = ( S 0 h,h) H < H'S'oll||/i||^, 
then I is bounded. By Q we may write 


(9) 


( 10 ) 


p2n _ 

(Sjh, g) n = ( Ph J e itj dE t Ih, Ig ) = ( I*P, 


H 


r* tdH 
H 


i-2ir 

Jo ' 


e“>dE t Ih,g) = 
H 


e u hl (r P§ E t I ) h, g') , 0 <j< d, h , gen. 


Therefore 


p 2n 

Sj= / e^dffEJ) 

Jo 


0 <j<d, 


( 11 ) 


where Ej is a strongly left-continuous spectral function of A (corresponding 
to A). Thus, 

F(t) = I*E t I, t G [0, 2n\, (12) 

is a solution of the moment problem ([!]). We conclude that each strongly 
left-continuous spectral function of A generates a solution of the moment 
problem (pQ) by relation (fT2l) . 

Let F(t) be an arbitrary solution of the moment problem ([I]). We shall 
check that F(t) can be constructed by relation (fl2l) . By Coo(%; [0, 27 t]) we 
denote a set of all strongly continuous %-valued functions f(t), t G [0, 2vr], 
which take their values in finite-dimentional subspaces of 'H (depending on 
/). For arbitrary f,g G Coo(%; [0, 27t]) we set (see [2]) 

«27r W 

*(f,9) = J ( dF(t)f{t),g(t )) w := ^rn^ (E(A k)f(t k ),g(tkj) H , 

^ k =1 

(13) 

where 5 is the diameter of a partition {A^jj^, A^ = [ak,bk) of [0, 27r) and 
tk G A k- Here, as usual, the limit does not depend on the choice of partitions 
and points tk- It is easy to see that in the case of /, g G C'oo('H; [0, 2ir\) 
the limit in (fT3l) exists and reduces to a finite sum of scalar Stieltjes-type 
integrals. 
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Introducing classes of the equivalence with respect to T and by the 
completion we obtain a Hilbert space L 2 = [0,27r];dF(t)). Consider 

two operator polynomials of the following form: 

d d 

P( t )='52 e ' 3t h j i <l(t) =^Te lkt g k , hj,gk € T~L. (14) 

j =0 k =0 


Since p, q € Cqq{T-L\ [ 0 , 2 tt]) then the corresponding classes [p], [< 7 ] belong to 
-L 2 CH; [0, 27t]; dF(t)). As usual in such situations, we shall say that p,q 
belong to [0,2tv]; dF(t)). Then 


(p,q) 


L 2 (H;[0,2ir]-,dF(t)) 



( dF(t)p{t),q(t = 


d p2tt 


J2 j e i ^ t d(F{t)h j ,g k ) H =Y,^-kh j ,g k )-H 


j,k= 0 ' 


j,k =0 


( x hj,ji x g k ,k)H ~ I x hj,ji x gk,k 


(15) 


j,k=0 


, j =0 fc =0 


if 


Denote by P{T-L\ [0, 27r]; dF(t)) a set of all (classes of the equivalence which 
contain) polynomials of type (fl4l) from L, 2 ('H\ [0, 27t]; dF(t)). Set L 2 -q{'H] [0, 27rj; dF(t)) 

P(H] [0, 27t]; dF(t)). Consider the following transformation: 


Wo 


d 


j —0 


d 

= y^j, 

3= 0 


/ij € T-L, 


which maps P(Ji\ [0, 27r]; dF(t)) on the whole £(C U). Let us check that 
Ho is well-defined. In fact, suppose that p, q from (fTP) belong to the same 
class of the equivalence. Then 


0 = 


9j ) 


d d \ 

'Z,j it ( h 3-g j )>'E eikt (hk-g k )) = 

j=0 k =0 / i2 


/ d d \ 

d d 

^2 X hj- aj ,j,J2 X hk-gk,k = 

Xh j >3 - X/ x 9j<3 

O 

II 

O 

II 

II 

0 

II 

0 
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Therefore Wo is well-defined. Moreover, Wo is linear and relation (1151) shows 
that Wo is isometric. By the continuity we extend Wo to a unitary trans¬ 
formation W which maps L 2 -o{7~L] [0, 2tt\; dF(t)) on the whole H. Denote by 
Uo an operator in L 2 ('H' 1 [0,27 r\;dF(t)) which put into correspondence for a 
class of the equivalence which has a representative f(t) G Coo(H ; [0, 2tt]) the 
class [e lt f(t)]. It is readily checked that this operator is well-defined, linear 
and isometric. We extend it by the continuity to a unitary operator U on 
L2('H',[0,2n];dF(t)). Observe that 


A(fX hj 


Xh,j +1 = w 




WU [e ijt h] = WUW~ l x h j, 


for arbitrary /i G 0 < j < d — 1. Therefore 

WUW- 1 D A. (16) 


Set 


[0,27t ];dF(t)) = L 2 (7~L ; [0,27 r\;dF(t)) © L 2 . 0 (H; [0,27 r];dF(t)), 


and W = W®E Ln l( - w .[ 0 2ir]-d,F(t)) ' Notice that W is a unitary transformation 

which maps L 2 (T~L ; [0,27 r\;dF(t)) on Hi := H © L 2 -i(H] [0,27 r];dF(t)). Set 
A := WC/W -1 . By (1161) we see that A is a unitary extension of A. Let 
{Et}te[o,2ir] be a strongly left-continuous resolution of the identity of A. 
Denote by Et (t G [0, 2ir}) the corresponding strongly left-continuous spectral 
function of A. For arbitrary h, g G H, £ G T e we may write 





f2 IT 


1 - (e* 


-d(EtXh t o, Xgfl)Hi — 


= E h , - 




/ H 1 


= w 


-'(Eh.-CA) WNJj] 


l 2 


= ((E^-ct/r 1 m,[<?]) 


f 2-k 


(dF(t)- 1 


l 2 Jo V 1 — C e 


17 h i9] = 


H 


r 


Therefore 


r 27r 1 

X 


r 2ir 


= 2 


1 


1 - Qe lt 


d(FE t Ih,g) H - 
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1 


/*27T /*27T 

/ d(I*E t Ih,g) H =2 - 
Jo Jo 1 


- (e u 


d(I*E t Ih,g) H - (S 0 h,g) n = 


r 2n 


= 2 


1 - (e i 


r d(F(t)h,g) H - (F{2'K)h,g) H = 


r>27r l + Ce u - 

I ±y*d(F{t)h,g)n. 


By the well-known inversion formula we conclude that F(t) = /*E t J. 


Theorem 1 Let the truncated operator trigonometric moment problem m 
with d € N be given and condition |2j) hold. Let an operator Aq in a Hilbert 
space H be constructed as in (EJ), A = Ao- All solutions of the moment 
problem have the following form: 

F(t) = I*E t I, t e[0,27r], (17) 

where I is defined by m and Ef is a strongly left-continuous spectral func¬ 
tion of A. On the other hand, each strongly left-continuous spectral function 
of A generates by a solution of the moment problem. Moreover, the 
correspondence between all strongly left-continuous spectral functions of A 
and all solutions of the moment problem m is one-to-one. 


Proof. It remains to check that different left-continuous spectral functions 
of A generate different solutions of the moment problem ([1]). Set Lq := 
{ Xh,o}heH■ Choose an arbitrary element x € £, x = J2j=o x h :j ,j, hj € H. 
For arbitrary £ € T e \{0} there exists the following representation: 

x = v + y, v € M C (A), y € L 0 . (18) 

Here v and y may depend on the choice of Q. In fact, for an arbitrary element 
u € D(Aq), u = J2jZl x gj,j> 9j ^ 77, we may write 


d—l 

(E h - (A)u = ^2x gjJ 

3=0 


d -1 

C ^ x 93,3+1 
j =0 


d—l 


^2 X 9J,3 

3=0 


d 

O fj X 9j-l,3 = 
3 = 1 


d—l 

= x go,0 + x 9i-(9i-i,j + x -C9d-i,d- 

3 =1 

Consider the following system of equations: 

f 9j ~ C,9j- 1 = hj, 1 < j < d - 1 
1 ~C,9d- 1 = h d 


(19) 


( 20 ) 
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We can find <jd-\ ■ then gd- 2 , ■■■, do • Consider u with this choice of gj and 
set v := ( Eh — (A)u G M^(A). By (fl9)l . ([2U]) we see that 

X x 3'go,0 3'ho—go,0 ■ V G -bo* 

Then relation (fl8l) holds. 

Suppose to the contrary that two different strongly left-continuous spectral 
functions E j^, j = 1, 2, generate the same solution of the moment problem: 
/*Ei )t I = /*E 2 , t J. For arbitrary /, g G T~i we have: 

(EgtX/,0, X g fl)H = (E2,tX/,0, X g fl)H- 

Multiplying by and integrating we get 

f,g G Ti, C ^ T e , (21) 

where is a generalized resolvent corresponding to E j t . j = 1,2. Let 
% ^ is generated by a unitary extension A,- of A in a Hilbert space Hj D H, 
j = 1,2. Since for arbitrary / G D(A), ( G T e and j = 1, 2 we have 

(j% - cTT 1 (£„ - C-4) / = (e s . - A)~‘ (%, - A) f = f€H, 

then 

Ri^n = R 2j f«, u G M^(A), ( G T e . (22) 

Choose an arbitrary £ G T e \{0}. We may write: 

(RhCT/A^) = ( x f,o,E* ( u) = (x ft0 ,u- R^iuj , 

where / G H, u G Mi (A), j = 1, 2. By (l22j) we get 

c 

( r i,C x /,oa) = (R^CTLO^)* mGMi(4 /gH, CeT e \{0}. (23) 

C 

Choose an arbitrary element w G £ and £ G T e \{0}. By (1181) we may write: 
w = v + y, where v G Mi (A), y G To- By (l2lT) . (l2Hl) we get (Ri^.x^o, w) = 

(Ro : (Xf t o,w), f G H. Therefore 

Ri,C® = R2,c a: > x £ L 0 , C G T e \{0}. (24) 

For an arbitrary w G £ using m we may write: w = v r + y', where 

v' G M^(A), y' G Lq, C € T e \{0}. By ([22]),([M} we get Ri^io = R 2 ,f^, 
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C G T e \{0}. Therefore = E 2it ;. This contradiction completes the proof. 
□ 

Notice that relation (1171) is equivalent to the following relation: 

(F(t)g, h)u = (EtXgfl, x ht0 ), g, h e H. (25) 

From the latter relation it follows that 
27T l + Ce u 

1 _ h )u = 2 ( r C x 9 ,o, x h ,o) ~ (S 0 g, h) n , g,heH, C G T e . 

( 26 ) 

By virtue of Chumakin’s formula for the generalized resolvents of an isomet¬ 
ric operator (see [3]) we conclude that the following formula: 

2ir 14- / i \ 

Y~-^- iI d ( F (t)g,h)n =2i K [E H x gfi ,x hfi 

-( S 0 g,h) H , g,hen,(eB. (27) 

establishes a one-to-one correspondence between all functions € 5(D); H © 
D(A),H ©5(A)) and all solutions of the moment problem dTD . 

We shall need the following proposition which is close to Frobenius’s 
inversion formula for matrices. 


Proposition 1 Let M be a linear bounded operator in a Hilbert space H, 
D(M) = H. Suppose that 

H = H!©H 2 , (28) 

where Hi, H 2 are subspaces of H, and the operator M has the following 
block representation: 

M= ( C d)’ (29) 

where A = P^M]^, B = Pr 1 M\h. 2 , C = Pu 2 M \n 1 , D = Pn 2 M\u 2 - 
Suppose that A has a bounded inverse which is defined on the whole Hi. 
Then the following assertions hold. 

(i) If the operator 77 = D — CA _1 B has a bounded inverse which is defined 
on the whole H 2 , then M has a bounded inverse which is defined on the 
whole H, and M -1 has the following block representation with respect 
to decomposition [2BD : 

A -1 + A _1 B5 _1 CA _1 -A-'-BH 
-H~ l C A- 1 5" 1 
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(ii) If the operator M has a bounded inverse which is defined on the whole 
H, then the operator R = D —CA _1 B has a bounded inverse which is 
defined on the whole H 2 , and M~ 1 has the block representation \3C\) 
with respect to decomposition [2BD . 


Proof. ( i ): in this case the operator which is defined by the block 
representation in (1301) . is defined on the whole H and it is bounded. The 
fact that it is the inverse of M is verified by a direct block multiplication. 
(ii): let us check that R is invertible. To the contrary, suppose that there 
exists a non-zero element h in Ho: Rh = 0. Denote u = — A _ 1 B/i. Then 


A B 

0 r 


= 0 . 


(31) 


Notice that 


A B 

0 n 


^Hi 

-CA - 1 


0 

E n 2 


A B 
C D 


and the operator 


T'hj 

-CA ’ 1 


0 

e h 2 


fined on the whole H, equal to 

, . A B 

tor 


has a bounded inverse which is de- 
Therefore an opera- 


E Hi 

CA ' 1 


0 

Eh 2 


, has a bounded inverse which is defined on the whole H. 

0 ri 

This contradicts to relation (1311) . Thus, the operator R is invertible. Since 

A B 

R ( „ ) = H, then for an arbitrary element h G H2 there exist ele- 


0 n 

rnents u\ G Hi /12 G H 2 , such that: 


f 0\ = f A B \ / \ / Au\ + B h 2 \ 

\h ) V 0 E ) V hi J V 2 ) ' 

Therefore R(U) = H 2 . Since an operator R 1 is closed and defined on the 
whole H 2 , then R^ 1 is bounded. Applying assertion (i) we conclude that 
Af- 1 has a block representation (13U1) with respect to decomposition (l28j) . □ 
Return to our constructions for the solvable moment problem (]T|) with 
d G N. Let us apply Proposition |Tj to the operator M := Eh — C(^4 © 

f G ©, d* G S"(D; H 0 D(A), H 0 R(A)) 1 in a Hilbert space H — H with 

Hi = D(A), H 2 = HQD(A). In this case the operators A, B, C, D in (l29l) 
have the following form: 

A = E D ( A ) — (P^ A jA, B = 


11 


C —-C p hqd(A) A i d — e hqd(A) - (Phqd(A)®(i C S B. (32) 
By (1271) we conclude that the following relation 


f 

■Jo 


27T l + Ce u 

■d(F(t)g,h) H = 


1 - (e 1. 


= 2 ({A" 1 + x hfi ) H -(S 0 g , h) H , g, h € U, C G D, 

(33) 

establishes a one-to-one correspondence between all functions $ € <S'(B; H © 
D(A),H © R(A)) and all solutions of the moment problem (HI). By the 
substitution of expressions from (1321) we obtain that relation (1331) takes the 
following form: 

1 + Ce u 

^ d(F(t)g,h)n = 


r2i r 

Jo 


1 — C t e 1 ' 


= 2 


where 


({MO + B(C)^c ( E HeD{A) + C(0$ c ) 1 D(C)} x g ,o,x h ,o) H - 

- ( S 0 g , h) n , g,hen, C € B, (34) 


A(C) = (e d(a) -cpE {a) a) \ B(C) = -CA(C )P% A) , 


D(C) = -OP#eD(A)AA(C), 
C(C) = -C,Phqd{A) + (M{O p d(A)i 

Finally, we obtain that the following relation 



1 + C,e lt 
1 - (e u 


dF(t) = 


c <E B. 


(35) 


= A(() + B(()<f> c (E HeD{ A)+C(()$ <: ) ^(C), C€B, (36) 

establishes a one-to-one correspondence between all functions <f> € S(B; H © 
©i?(A)) and all solutions of the moment problem (HI). Here 

A(C) = 2I*A(()I-S 0 , B{ C) = 2rB(C)Ueit(A), 

C(C) = C(C)|tfefl(A), P(C) = D (C)I, (eD. (37) 
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Theorem 2 Let the truncated operator trigonometric moment problem m 
with d £ N be given and condition |||) hold. Let an operator Aq in a Hilbert 
space H be constructed as in {IP, A = Aq. Relation establishes a one- 
to-one correspondence between all functions $ £ S(H>]H QD(A), H 0 R(A)) 
and all solutions of the moment problem (HP- 

Proof. The proof follows from the preceding considerations. □ 

Corollary 1 Let the truncated operator trigonometric moment problem m 
with d £ N be given and condition []JD hold. Let an operator A$ in a Hilbert 
space H be constructed as in (01, A = Aq. The moment problem is deter¬ 
minate if and only if (at least) one of the defect numbers of A is zero. 

Proof. If one of the defect numbers of A is zero, then the only function in 
S( B; H © D(A),H © R(A)) is zero. 

On the other hand, if both defect numbers of A are non-zero than we may 
choose unit nonzero vectors h £ H © D(A), g £ H © R(A). Set < hi(C) = 0, 
T >2 (C) = ( m ih)g, ( £ B. Functions 3 >i, 3>2 generate different solutions of the 
moment problem. □ 

Let the truncated operator trigonometric moment problem (H|) with d £ 
N be given. Suppose that condition © holds and the Hilbert space TL is 
separable, H / {0}. Let if = {/&}£© q, 1 < u> < +oo, is an orthonormal 
basis in H. Let us calculate the matrices of operators A, B, C, V in (1371) 
with respect to some proper bases. As a consequence, we can obtain the 
matrix of the operator appearing on the right of (1361) with respect to (f 
using the prescribed moments. 

Observe that H is separable. In fact, an arbitrary element x of £ has 
the following form: x = J2j=o x h :j ,j-, hj £ H. Let W be a dense subset of H 
(which is not supposed to be countable). Choose an arbitrary e > 0. There 
exist elements yj € W, 0 < j < d, such that 


Whj-VjWu < 


(d + 1)|| So ||^ ' 


0 < j < d. 


Then 


d 


d 



3=0 


h i=° 


d 


d 



3=0 


3=0 
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d 

<^2\\So\\^\\hj - yjWu < £■ 

3=0 

Therefore a set W := |^j=o x Vj, 3 i Vi G W j is dense in H. If W is chosen 

countable then W is countable, as well. Thus, H is separable. On the other 
hand, if we choose W = Lin£ then we obtain that Lin{x/ fc J } fc£ 0;U; _ 1 , 0<J<d 
is dense in H. 

At first we suppose that the moment problem is indeterminate. If we 
would have D(A) = {0}, then (Soh,g)y_ = (xh,o> x g,o)H = 0, h,g ER. This 
would meant that So = 0 and the moment problem is determinate. This 
contradicts to our assumptions. Therefore D(A) ^ {0}. Observe that 

D {A) = span{x /fc)j } fee o^ =T> 0 <j<d- v ( 38 ) 

Let us numerate the elements of the set 0 := {xf k j} k g 0 UJ _ 1 o<j<d-i by a 
unique index: 17 := {y n } ne 0 K _ 1 , 0 < k < +oo. Apply the Gram-Schmidt 
orthogonalization procedure to the following sequence: 

{yn} n £ o,k— n ( 3 ^) 

removing linear dependent elements, if they appear. After the orthogonal¬ 
ization we shall obtain an orthonormal basis 2li = {^fc}fc=o> 1 < r < oo in 
D(A). Apply the Gram-Schmidt orthogonalization procedure to the follow¬ 
ing sequence: 

{x h A-Pg (A} x h ,*} t —, (40) 

removing linear dependent elements, if they appear. Observe that the ele¬ 
ments P* (A) xf k j : in (HOl) can be constructed using 2li. After this orthogo¬ 
nalization we shall obtain an orthonormal basis 21 2 '■= { u 'jYj= o> 1 < 5 < +oo 
in HQD(A). 

Observe that 21^ := {Ao'«/c}JTq is an orthonormal basis in R(A). Apply 
the Gram-Schmidt orthogonalization procedure to the following sequence: 

(41) 

removing linear dependent elements, if they appear. Observe that the ele¬ 
ments P^ A ) x f k ,o in (T4(Th can be constructed using 21^. By the orthogonal¬ 
ization we shall obtain 2l 2 := {v' k }^Z q, 1 < p < +oo. Notice that 2l 2 is an 
orthonormal basis in H © R(A). 
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The above orthonormal bases can be used to construct the matrices of 
operators on the right in (1361) . Here relation ([7]) will be used intensively. 

In the case of the determinate moment problem the right-hand side 
of (1361) is equal to .4(C)- Thus, in this case we can use £ and an orthonormal 
basis 21, constructed by the orthogonalization of {xf kt j } k€ 0 o<j<d- 
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On the truncated operator trigonometric moment problem. 

S.M. Zagorodnyuk 


In this paper we study the truncated operator trigonometric moment 
problem. All solutions of the moment problem are described by a Nevanlinna- 
type parameterization. In the case of moments acting in a separable Hilbert 
space, the matrices of the operator coefficients in the Nevanlinna-type for¬ 
mula are calculated by the prescribed moments. Conditions for the deter- 
rninacy of the moment problem are given, as well. 
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